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The Josephus problem is a highly addictive conundrum if ever there was
one. A relatively well-known arithmetical puzzle that crops up regularly in
popular mathematics and even computer science, it is part of the family of
decimation problems. The somewhat bloody origin® of this word makes perfect
sense in the context of the Josephus problem.

The problem statement is very simple: 41 people are standing in a circle

and a starting point is chosen (Figure 1a).

* )
LI mm Vgl

' 4

(a) Une origine est choisie dans le cercle des 41  (b) Les premiers éliminés portent les numéros 3, 6, 9
personnes. et 12,

Figure 1: The decimation process.

1. The term decimation derives from the Roman military punishment of “eliminating” one out of ten people in a
group. The person was probably chosen by drawing lots.
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Starting with this person, we count 1, 2, and the third person is removed.?
The process continues: 1, 2, and the third person is removed. The first people to
leave the circle are therefore numbered 3, 6, 9 and 12, as shown in Figure 1b.
The same process is repeated around the circle (Figure 2a). Notice that after one
full circle, empty places appear, which complicates matters. Here are the

numbers of the unlucky losers, in the order of their elimination (Figure 2b):

3,6,9, 12,15, 18, 21, 24, 27, 30, 33, 36, 39, 1, 5, 10, 14, 19, 23, 28...

The question is: Where to stand in the circle to be last survivor? In other

words, what will be last remaining number in the circle?

(a) L’élimination des personnages continue, jusqu’a faire un (b) Lors du second tour (et pour les tours suivants), on
tour complet. élimine toujours une personne sur 3 (attention aux places
vides).

Figure 2: The decimation process continues.

2. The term decimation will be used here even if a person is selected from a group of n people, where n is other
than 10.
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I - THE JEWISH WAR

The above problem is generally connected to Flavius Josephus, a “historian”
of the first century AD, who related this episode of his life (he was one of the 41
men) in his work The Jewish War. Each person singled out in the process
described above was killed by the next person selected. Clearly, Flavius Josephus
knew how to solve the problem.

Mathematically speaking, in the standard scenario (for a given number of
people, not necessarily counted in threes) the solution cannot be obtained by
direct calculation.? Indeed it is probably the absence of a direct and general
solution that accounts for the problem’s enduring appeal and makes it intriguing
even today. What's more, regardless of the initial input data, it is relatively
straightforward to simulate the decimation phase using a computer to obtain the
number of the last survivor in the circle and the order of elimination: such a
programme is fun to write and budding programmers are encouraged not to read
the suggested solution at the end of this article before working it out for
themselves.

The historical dimension of the story can only pique curiosity and it is
difficult to resist the temptation to seek further details on how the original hero
saved his skin in those distant times. Contemporary accounts describe how,
during the Siege of Jotapata by Vespasian* in 67 AD, 41 men (Flavius Josephus,
then governor of the city, and 40 soldiers) were cornered in a cave, refusing to
surrender. This historical context allows us to gauge Flavius Josephus’s prowess:
the situation in which he found himself, holed up in a cave knowing that the
slightest error would cost him his life, is hardly conducive to the serenity of mind
required to solve a cerebral problem involving a circle of 41 men.

The temptation is therefore great to seek out further information, though
not in book of mathematical puzzles but in one of the many translations based to
a greater or lesser extent on Flavius Josephus’s text. The first such publication is
in French and available on Gallica: it is the (Euvres complétes de Flavius Joséphe,
edited by Théodore Reinach, translated from the Greek by René Harmand, and
published from 1911 onwards. The extract is found in Tome III, chapter VIII, of
The Jewish War:>

3. Some solutions are based on recurrences, others on the calculation of annex sequences (“rounded”
geometric sequences), but there is no direct calculation in the standard scenario.

4. Who would become emperor two years later.

5. Source Gallica.
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388. met alors sa confiance dans la protection de Dieu : « Puisque. dit-il,

nous somnies résolus a mourir. remetions-nous en au sort pour déci-
der 'ordre au nous devons nous entretuer : le premier que le hasard
désignera tombera sous le coup du suivant et ainsi le sort marquera
successivementles victimes et les meurtriers, nous dispensant d’atten-
ter a notre vie de nos propres mains. Car il seraitinjuste qu'apres que
les autres se seraient tués il v en ent quelqu'un qui put changer de
sentiment ot vouloir survivre '*. » Ces paroles inspirent confiance. et
apres avoir décidé ses compagnons. il tire au sort avec eux. Chaque
homme désigné présente sans hésitation la gorge a son voisin dans
la pensée que le tour du chef viendra hientol aussi. ear ils préféraient
a la vie U'idée de partager avec lui la mort. A la fin. soit que le hasard.
soit que la Providence divine I"ait ainsi voulu. Joséphe resta seul avec -
in autre : alors. ¢galement peu soucieux de soumeltre sa vie an ver-
dict du sort ou, s7il restait le dernier. de souiller sa main «u sanz d'un
eompatriote. il sut persuader a cet homme d'accepter lui aussi la vie
sauve sous la foi du serment 2,

. Avant ainsi échappeé aux coups des Romains et a ceux de ses pro-
pres concitoyens, Josephe fut conduit par Nicanor aupres de Vespasien.
De toutes parts les Romains accouraient pour le contempleret. auloar
du prétoire 3. il y eut une presse énorme et un tumult en sens divers :
les uns se félicitaient de la capture du chef. d'autres profiraient des
menaces. quelques-uns se poussaient simplemeut pour le voir de plus
pres. Les spectalears les plus dloignés eriaient qu'il fallait ehatier cet
ennemi de Rome. mais eeux qui détaient a coté se rappelaient ses
belles actions et ne laissaient pas d'ctre emus par un si grand chan-
gement. Parmi les géncéraux il o'y en cut pas un qui, si fort qu'il et
d'abord éLé irrit¢ contre lui, ne se sentit quelque piti¢ a sa vue : Titus

389.
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1. Destinon supprime cette phrase comme interpolée. D'ailleurs, méme avee le
procéde suggeré par Joséphe, il y aura toujours un dernier 2urvivant qui devra
forcément se tuer lui-méme.

2. Il est permis d’avoir des doutes sur l'authenticité de ceite hislorietle qui a

fourni aux mathématiciens, depuis la Renaissance, un pignant sujet de pro-
vlgwe.

3. Nous lisons avec Holwerda : wzp! 1 atpariviov {mss. : 1 etpxtnyy, tod gTpa=
nyout, cte.’.

Here is the passage in question:

Since, he said, we are resolved to die, let us leave it to fate to decide the
order in which we shall kill one another: the first man designated by
chance will fall by the sword of the next such man, and thus fate will
successively mark out the victims and their killers, sparing us from taking
our lives with our own hands [...] Finally, by luck or because Providence
had ordained it, Josephus alone remained with one other man: then, loth
to submit his life to fate or, if he alone remained, to sully his hands with
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the blood of a compatriot, he persuaded the man, under oath, to spare

their lives.

Algorithmically speaking, this is hardly satisfying. This, it seems, is more a
tale of chance and divine Providence than prodigious calculation. Apart from the
number of men, which is indeed 41 in this text (the figure is referred in the
previous pages), there is no mention of a circle, nor of any algorithmic means of
selecting the men to exclude from the circle by counting in threes.

In a footnote, the translator René Harmand voices some reservations about
the authenticity of the story told by Flavius Josephus, while nevertheless
admitting that since the Renaissance it has given rise to a “piquant mathematical
problem”.

Finally, the text hints that when only Josephus and his companion remain
alive, the former suggests putting an end to the decimation process for fear of
dying or being forced to kill. Yet, at the moment, Josephus necessarily knew in
which of the two possible situations he found himself. If he committed the final
murder (which is unlikely, since he is loth to become a murderer), it is his turn to
die. If on the other hand, it was committed by his companion, it is Josephus’s
turn to become the executioner and his survival is therefore assured. As he most
probably found himself in the second situation, it follows that Josephus really did
spare his companion, probably so as not to become an executioner himself. This
imprecision further undermines the story’s credibility.

However, the translation used in the present article was of course based on
texts other than the originals® (which, it seems, are no longer extant). It is quite
conceivable that several versions of this passage exist, and that these vary in
how much detail they give on Flavius’s method and ingenuity. Below, for
example, is the same passage taken from the fifth volume of The Jewish War
(Tome III, Chapter XLIV). This translation from the Greek by Arnauld d’Andilly
has been republished many times since the 17th century (below, the edition from
1744):

6. It is thought that Flavius Josephus wrote in Aramaic and then produced his own translation into Greek. The
Latin translations appeared later.

47 bibnum 5



428 GUERRE DESJUIFS CONTRE LES ROM.
tés . ils ne pouvoient s’empécher de réve=
xer un chef pour qui ils avoient tant d’efti~
me , ils fentirent leurs bras s’affoiblir ; leurs
épées leur tomboient des mains , & dans le
méme - tems qu’ils lui portoient quelques
coups , leur affection pour Iui s’oppofant §
feur colere en diminuoit tellement la force,
qu’elle les rendoit inutiles. : :
Jofeph de fon c6té ne pexdoit point le
jugement dans un fi preflant péril : mais fe
confiant en I'affiftance de Dieu, 1l leur par-
1a en ces termes : » Puifque vous ¢tes ré{o-
» lus de mourir , jettons le {fort pour voir
» qui fera celui qui devra étre tué le pre-
» mier par celui qut le fuivra: & continuons
» toujours d’en ufer de la méme f{orte ; afin
» que nul de nous ne {e tué de fa propre
» main , mais re¢oive la mort par celle d’un
» autre. « Cette propofition fut recué de
tous avec joye , parce qu’ils ne pouvoient
douter que Jofeph ne fit bien-té6t du nom=
bre de ceux qui {eroient tués ; & qui pré-
féroient a la-vie une mert qui leur feroit
commune avec lut.
: Ainfi le fort fut jetté : & celui fur qui il
"47* tomboit; tendoit la gorge a celui qui le de-
voit tuer : ce qui continua jufques 2 ce qu'il
ne refta plus que Jofeph & un autre , {oit
que cela arrivat par hazard, ou par une
conduite particuliere de Dieu. Alors Jofeph
- voyant que s’il elit encore jetté le fort, ou
il auroit fallu tremper fes mains dans le
{ang d.u13 de fes amis, il lui perfuada de vi-
::re', apres lui avoir donné parole de le fau-
Ver,. B , e 3

The text reads:

As you are resolved to die, let us cast lots to see who will be killed first by
the man who follows: & let us continue in the same manner [...] Thus the
lots were cast: & the man on whom it fell leant his throat towards the man
who was to kill him: this continued until only Josephus & another man
were left, whether by chance or an act of God. Then Josephus, seeing that
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if he threw lots again, it would either cost him his life, or he would have to

soak his hands in the blood of one of his friends, persuaded the other to

live, after giving his word to save him.

While it seems clearer here that Josephus spared the second-to-last
survivor, we are still left wanting to know more about the actual decimation
process that was use: there is no circle, fate picks the victims, and Josephus gets

out alive without calculating a thing.

@e@e@e@E@e@@

Lastly, there is a third version, known as the Capture of Jerusalem, written
in Slavic (Old Russian) and based on various manuscripts from the 15" and 16
centuries containing the entire text or fragments of it mingled with other
chronicles. These manuscripts may be derived from older Slavic translations (12
or 13" centuries) of even earlier and no longer existent texts. This Paleo-Slavic
version differs in several ways from the European versions with which we are
familiar. In particular, it contains details about the lives of Jesus and John the
Baptist. We can only speculate whether these details were added by the Slavic
translator or whether he translated from a lost version which contained such
details. The answer may be a bit of both.

A French translation of the Old Russian text by Pierre Pascal was published
in two volumes by the Institut d’Etudes Slaves in 1934 and 1938, under the title
The Capture of Jerusalem by Josephus the Jew. The Russian text was also
reprinted to accompany the French text. In 1965, the same translation, minus
the text in Russian, was published by the Editions du Rocher.

The Paleo-Slavic version contains a description of the episode in the cave.
Here is P. Pascal’s translation:

Thus Josephus, entrusting his salvation to God, said: “"Since God wishes

for our deaths, let us die by counting: the man at the end of the count will

be executed by his counterpart in the next count.” Having spoken thus, he

counted so shrewdly that he outwitted all. All except one man were killed

by the other men. Josephus, anxious not to taint his hands with the blood

of a compatriot, pleaded with him], and both men walked out alive.

This version is noticeably different from those we have considered up to this
point. While this is still a matter of entrusting one’s salvation to God, the
expression he counted so shrewdly that he outwitted all leaves little room for

ambiguity.
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Below is a handwritten copy of the Slavonic text:

W TARO PERK, TTOYTE HUCAA CB MOYAPOCTNO,
N TBA TIPUBAAAE EBCA.

The term translated as shrewdly (MOYADPOCTNO) can also be interpreted as

wisely, which confers a different meaning (almost one of resignation) to the
sentence.

Traces of Josephus the number cruncher are not non-existent, but there is a
lack of technical details about the decimation process. What's more, scope for
further investigating this text is limited. Thus, rather than seeking new
translations of Josephus’s tale, we can turn the problem on its head and try to
find out where the authors of mathematical puzzles unearthed this idea for an
arithmetical puzzle. This will perhaps lead us to one particular version of
The Jewish War.

II — ARITHMETICAL AMUSEMENTS

The tale is now so widely known that recent publications describe the
famous episode in the cave without giving an exact source. One has to turn to
specialist authors of the 19" and 20" centuries to obtain new information. In
particular, identical or similar problems are found (for example) in publications
by Edouard Lucas, an author well known for inventing the — for IT students -
endlessly maddening Tower of Hanoi puzzles, and Ernest Dudeney.

Ernest Dudeney’s book Amusements in Mathematics, published in 1917,
presents readers with a puzzle similar to the Josephus problem but involving cats
and mice. It does not really advance our quest to discover the truth about
Flavius’s calculatory prowess, but does provide an entertaining variation on the
theme.

Dudeney’s work is available on Project Gutenberg.” Puzzle 232 is reproduced
below along with the illustration that accompanied the puzzle in the original

edition.

7. Page on Gutenberg.
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“Play fair!” said the mice. “You know the rules of the game.”
"Yes, I know the rules,” said the cat. "I've got to go round and round the circle,

in the direction that you are looking, and eat every thirteenth mouse, but I
must keep the white mouse for a tit-bit at the finish. Thirteen is an unlucky
number, but I will do my best to oblige you.”

“"Hurry up, then!” shouted the mice.

"Give a fellow time to think,” said the cat. "I don't know which of you to start
at. I must figure it out.”

While the cat was working out the puzzle he fell asleep, and, the spell being
thus broken, the mice returned home in safety. At which mouse should the cat
have started the count in order that the white mouse should be the last eaten?
When the reader has solved that little puzzle, here is a second one for him.
What is the smallest number that the cat can count round and round the circle,
if he must start at the white mouse (calling that “one” in the count) and still eat
the white mouse last of all?

And as a third puzzle try to discover what is the smallest number that the cat
can count round and round if she must start at the white mouse (calling that
“one”) and make the white mouse the third eaten.

Clearly it is the same problem. While it appears to have been turned on its
head, Josephus’s solution (Who is last?) and the cat’s solution (Where to start to
finish at a predetermined position?) are interchangeable.® The cat-and-mouse
problem is amusing, but unfortunately it does not bring us any closer to the

origin of the Josephus problem. For his part, Edouard Lucas proffers his version

8. We move from one problem to the other by changing the start point of the numbering, in other words by
shifting the numbers.
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in Arithmétique amusante, published posthumously in 1895.° After expounding

another variant, which we will discuss later on, he gives some clues as to the

origin of the Josephus problem:

4 Chapetre prowies

le dix et la dame de teéfle, et ainsi de saite, jusqu'a ce quon
ait retiné les quinze cartes noires

Au lieu des deux vers francais qui nous permettent de résoudre
immédiatement le probléme proposé, on se servait antrefois de ce
vers latin, o l'on trouve les mémes vovelles dans le méme ordre;

R mtter Reglna feveoat,

Populeam yirg

Nous allons indiquer maintenant la méthode qui permet o

retrouver, indépendamment de tout procéié mnemotechniyue,
la disposition des cartes rouges et des cartes noires. Placons en

cercle trente cartes retournédes, en indiquant place de la pre-

miére, qui correspondait au roi de carreau, En comptant de neuf
en neufl, on tombe sur Jes cartes dont les rangs sont o, 18, a7

Qu'on retlre ¢es cartes, puis que l'en centinue & compier de
neuf en newf, en retirant quinze cartes, il suftire ensuite de rem-
placer les curtes restuntes par quinze cartes rouges, en conservant
la place de la premiére, Ie rof decarrean; puison mettra i [a place
des cartes manquanies quinze cartes noires.

Bacuer, dans Ja Préface au lecteur de la scconde édition de ses
Problémes plaisants et délectables qui se_font par les nombres,

nous donne origine de ¢e curieux probléme ;

v

HISTOIRES DE BRIGANDS,

Heég

rapporte la mémorable histoire de Josephe. ce fameux auteur qui

sippus, au troisiéme Livre de la Guerre de Jerusalem,

pous o laissé par derit la méme Guerre dey Juifs, lequel était

We read that:

Calexis éléme

gouverneur de la ville de Jotapata, lorsqu’elle fut assiczée et pen
aprés emportée dlassaat par Vespasien. Il fut contraint de se
retirer dans une citerne, suivi d'une troupe de soldats, pour éviter
la premiére furcur des armes victoricuses des Romains; mais il
courut plus de fortune de perdre la vie parmi les siens que parmi
les ennemis : car, comme il eut arréte de s"aller rendre 4 la merci

du vainqueur, nc pouvant imagincr aucun autre moyen de se

garantir de la mort, il trouva ses soldats saisis d'une telle frénésie
qu’ils voulaient tous mourir et s'entre~tucr les uns les autres
plutdt que de prendre ce purti. Joséphe s'efforga bien de les dé-
tourner d'une si malbeurcuse entreprise, mais ce furen vain; car,
rejetant tout ce qu'il put leur aliéguer au contraire, et persistant
et leur opinion, ils en vinrent jusque-1a que de e menacer, s'il
ne 8’y portait volontairement, de I'y contraindre par la force, et
de commencer par lui-méme I'exécation de feur tragiquee desszin,
Alors, sans doule, c¢'ctait fait de sa vie s'il n'edt eu Pesprit de se
défuire de ces hommes furicux par Pactifice du présent probiéme.
Car, feignant d'adhérer & leur volonté, il s¢ conserva 'nutorité
qu'il avait sur eux, et par ¢c¢ moyen, leur persuadu facilement que,
pour éviter le désordre et la confusion qui pourraient subvenit
en tel acte, s'ils s'entre-tuzient & la toule, 1l valait mieux se ran=
ger par ordre en quelque facon, et, commengant & compter par
un bout, massacrer toujours le tantiéme, jusqu'a ce quil n'en
demeurdt qu'un scul, lequel serait obligé de se tuer soi-méme.
Tous étant de cet accord, Josephe les disposa de sorte, et choisit
pour lui nne si bonne place, que la tueric étant continuée jusqu’a
la fin, il se trouva seul cn vie, ou peut-dtre cncore, qu'il sauva
quelques-uns de ses plus affidés, et de ceux desquels il se pouvait

promettre une entiére et parfaite obéissance

Bachet, in his preface to the second edition of his Problemes plaisants et
délectables qui se font par les nombres, recounts the origin of this curious

problem:

“"Hegesippus, in the third tome of the War of Jerusalem, tells the
memorable story of Josephus, [...] Josephus arranged the men in such a
way, and chose for himself such a fine position, that when the blood-bath
had come to an end, he alone remained alive [...]"

9. Available on the site archive.org.
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Not only does Lucas seem to confirm that Josephus’s survival was not down

to luck, we now have two additional bibliographic sources:

- Claude Gaspard Bachet, seigneur of Mériziac, a 17th-century author often

considered the first French author of mathematical puzzles,

- and more importantly, another vision of The Jewish War entitled War of

Jerusalem, written by a certain Hegesippus, in which we find the phrase

Josephus arranged the men in such a way, and chose for himself such a fine

position...

@@e@e@e@E@@

Let’s first consider Bachet’s text. The second edition of Problémes plaisants

et délectables, dating from 1624 (the first edition had been published 12 years

before), is available on Gallica:*°

PREFACE
fance, En ourre ic ne crois pas,que
ccax qui auront penctré dans cc Ji-
urc plus auant cue 'efcoree, le iugent
t_l‘c {1 peu de valeur » que ferone ceux-
1 qui n'en auront leu que le tilurescar
encor que cene (oyent que des ieuy,
done le but principal eftde donner
vne honnelte recreation,8 d’entretc,
nit aucc lear gentillefle vne compa-
ghic,{iclt-ce quiil faut bien de la fub-
tiliré d'elprit,pour les practiquer pa-
frictement& faut eftre plus que me-
‘diocrement expert en la fcience des
nombres, pour bicn entendre les de-
monitrations , & pour {e{Gauoiray-
det de pluficars belles inuentions,
que i'ay adiouftees.. Finalement,
pour preuuer encore que ce linre n'eft
peint du tout inutile, & quelaco-
gnoiflance.de ces Problemes peur
feruir grandement en quelque occa-
fion,ic ne veux cmployer que e tel-
moignage d'Hegefippus au rroifief-
me linre dela prife c[]; Hicrufalem.L2
i

AV LECTEVR
il rapporee la memorable hiftoire de
Tofcphe,ce fameux Aucheur quinous

‘2 laif$é par cfcritla mefmeguerre des

1uifs, lequel eftdr gouucrneur dansla
ville de Jotapata, lors qu'elle fuc af-
fiegee,& peu apres emportee d'aflaue
par Velpafian, il fut contraint de fe
retirer. dans voe cilterne, fuivid'vne
wouppe de foldats, poar cuiter la
premicre fureur des aymes victorieu~
{es des Romains. Mais il courut plus

de fortune de perdrc la vie parmy les

fiens, que parmy les ennemis : Car
comme il eut arrefté de s'aller rendre
a la mercy du vainquear,ne pouvant
imaginer aucun autre moycn defe
garencir de lamort , il trevua fes fol-
dars failis d'vne celle frenefic, qu'ils
vouloient tous mourir, & s'entrecuer
lesvns Jes autres,pluftoft que de pren.
dre ce party. lolephe s'efforga bien
de les A’cﬁourncr d'vne {i mal-heu-
reufe entreprife , mais ce fu en vain;
car rejertas coue ce qu'il pueft leur al-
! leguer

In this preface we read:

"PREFACE

leguerau contraite , & perfiftans ey
leur opinion , ils en vinfrcntiufqucs
13, que de le menacer, s'il ne sty por-
toit volontairement, de I'y contrain-
dre par force, & de commencer pat
luy mefme I'exceution de leur tragi-

ue deflein. Alors fans doute ceftoit
tait de (a vie , s'iln'enft eu lefpritde
{c dcfaire de ces hommes ﬁlricux,Pa.r
Partifice de mon 13. Probleme. Car
feignant d'adherer a leurvolonté, il
fe conferua I'authorité qu'il avoit fur
cux , & par ce moyen leur Eerﬁ:ndx
facilement, que pour cuiter le defor-
dre & la confufion, qui pourroient
furuenir en rel ade, s'ils s’entreruoiée
d la foule, il valoit micux (e ranger
par ordre en quelque fagon, & com-

“mengant conter par vo bour , maf-

facrer vouliours le tantiefine. (FAu.
theur exprime par le quantiefe)
infques 4 ce quil n'en” demcuralt
qu'vn feul, lequel feroit obligé de fe
tuer {oy-mefme. Tous cltans decet

accord,

. AV LECTEVR.
accord , Jofephe les difpofa de foree,
& choifit pour luy vne {i bonne pla-
ce,que la euerie eftant continuee jul-
quesd lafin, il {e tronua feul en vie,
ou peut eftre encore qu'il fauua quel-
jﬂcs vns de fes plus affidez:& de ceux

¢fquels il fe pouuoit promettre vie
enticre & pargi&e obeiflance.Voyla
vne hiftoire bien remarquable,& qui
nousapprend aflez , qu'on ne doit
point me(i]xiﬁ:r ces petites fubrilitez,
qui aiguifent I'efprit, habilicent I'ho-
meddes plus grandes chofes , & ap-
portent quelquesfois vne veilité non

P\reueué’. ;

‘Refte que i'aduertiflele Lecteur,
que cefte feconde cdition eft beaun-
coup plus accomplie, que la premie-
te: car oytre quclle eft {Flus corre-

&e, clle cft augmentee de pluficurs
Problemes , & de la demonftration
arfaicee di Probleme, qui cftoi
e cinquiefme en la premicre edi-

tion, &qui elt le fixicfine en cefte-

cy-

Finally, to reiterate that this book is far from useless, & that knowledge of
these Problems can be of great use on occasion, I wish to refer to
Hegesippus’s testimony alone, in the third tome of the Capture of
Jerusalem. There he recounts the memorable tale of Josephus, that
famous author who chronicled the very same war of the Jews [...] he was
forced to withdraw into a cistern** [...] and would no doubt have paid with

10. Page on Gallica.

11. Here the cave has been replaced by a cistern. This is not very surprising, and the Reverend Calmet’'s
historical dictionary of the Bible tells us that the terms lake (which we will come to later), cistern, cave and

even tomb could all refer to water reserves or sepulchres.
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his life had he not the wit to rid himself of those raving men, by availing
himself of the ploy that is my Problem 23. Pretending to be of their mind
[...] [he] readily persuaded [them] [...] [that] it were better to stand in an
order of a sort, and by counting from one end, always execute the nth
man [tantiéme] (the author does not specify which [quantieme]) until
there would remain one man alone, who would be obliged to end his own
life. [...] Josephus arranged the men in such a way, and chose for himself
such a fine position [...] that he alone remained alive.

The Problem 23 in question, a variant involving Turks and Christians on a
boat, was the one that inspired Edouard Lucas. Here is the text, taken from the

same edition from 1624:

W [¢ font par les nombres, l'ﬂ
174 ‘eacy promprement, rearque ces deux vers: |

13 ' . Mot ne fallivaa pas'. "
gg ) En mtliu?gﬁt'lérrrﬁfk. o :
' 4 Ay Et pren gatde feulewens aux voyelles ac i,

Tiimaginant que la premicre a,vaut vn,la fecons

- 1) R 0 B L E M . E de eyvaut 2.l troifieline 1, viiur 3. 1a quatticling
4 . . o,vaut (l‘lmrc,'& Ia cinquicfing w,vaut ¢, & d'au

rane qu'il faut commencer pai les Cliteltiens,en

XXITE N | premicre {yllabe(Mort)la voyelle o te monitre
' qu'il faut en premier liew metrre 4.Cliceftiens:en
Eftant psoposé quelgue wombre domirez || 12 {“f?"de‘ fyllabe (Tu) la Voyége bt l)i}ﬂnﬂ;i'e
C oA . qu'il faut apres ranger ¢ Turcs.Ainfi(ne)lignifie
diftinguces entreglles , les diffofer o 1.Chyeltiensy(fal)va Turc;(li) 3 Chreftiens;(ras)
- ranger par ordye en telle fo:‘k,g#e relet- v Turc (fias)vn Clire(tien 5 (en)a-Tures; (ne)s
pans toufiours la ”mﬁeﬁn ¢s ou la Chreftiens;(li) 3. Turcs:(viant)vn Chreftigns(le)
Re dixi{f?n : 0 : ; " P ;Tm‘cs;(:tcs);.Chtcﬁ1ens;(pns,\_vx1_Turc.[.a re-
. ‘ & i id 2an, Jqﬁrze.que 072 VO~ E'le_ Ecne’_ra’[e our faire le mefme ¢t tonefhom-
- drayiufues dron certain nombre, les e defpend dé ce qlie i¢ divay e 1a demonfteas

- veflantes fyent celles que Pon voudra, o &S e

' DEMONSTRATION,

. @N 4 accouftumé de propofer ce Probleme -
2 Toncy oo o s dang vt |, Qi e ce et e quelmombre que s
= ° " foit,par Jmagingtoy jo.vni-
e et imeevseniomommenste | B cempleen so megnoty oot
pilote dit quil eftneceffaire de iercer dans la i CONADES - 9

o Vi i . .
met la moitié des perfonnes qui fonk en la nefy 000000q00000000] 1Y d?f‘?gcso? t:‘ ‘:“1'._
pour fauuer le refte, Or cela he fe peut faireque 000000000000000| TEHGANT & CONLEr parig

‘ ——— - ‘premiere,marquc laneuf

par for;Partant on eft d'accazd que ferangeans

* tous par ordre , & cantant de neuf, en neof; on

jetee chafque neufuiefine dans la mer infques

ce que de jo.qu'ils font,il n'en demenre que 1§-

On demande comment il les faudroic ditpoler
pour faire que le fort tombat fur les 14, Tures

fans perdre aucun des Chreftiens, Pour fise

: cecy

viefinc au la eitiefme que I'S voudta auec quel-
que figne comme mettant deffus quelque mar-
3“% puls conte defpuis celle que tu as matgree,

e la mefme facon , & marque auffi la nevfuiel:
me,& continy A faire ¢ mefine recommengant
quad tu feras an boi, & (utat toutes celles que

o 1]
m

The aim of the ship’s captain is to arrange 30 people (15 Christians and 15
Turks) in such a way that by removing 15 of them and counting in nines, the 15
survivors would be Christians. Bachet provides a mnemonic to remember the
positions to be assigned to the Turks and Christians:

Mort tu ne falliras pas

En me livrant le trépas

[Death you will not fail
To bring about my demise]
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Each vowel is assigned a number (1 for a, 2 pour e, 3 for i, 4 for o and 5 for
u) and the couplet therefore equates to a series of numbers: 4, 5, 2, 1, 3, 1, 1,
2, 2,3,1, 2, 2, 1, indicating that the arrangement is 4 Christians, 5 Turks, 2
Christians, etc.

The final arrangement is given in Figure 3. Many other mnemonics exist in
various languages (Lucas gives one in Latin, which we will come to shortly) for
this problem, which we will henceforth refer to as the 15-15 variant, in which
Christians and Turks are sometimes replaced by people wearing black or white,

by different coloured pawns, or by well-behaved children and rascals...

LY i

Figure 3: 15-15 variant: by decimating every ninth person, the first 15 eliminated will
be grey. The first five are indicated by arrows.
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Bachet concludes his 23rd problem by returning to the Josephus problem:

qui f¢ font par les nombres.  vyy
Turecs Sep iroyents & les 10. Chreflions demenyerosent,
* Qrcomme 'y towché en la prifice de cette ansbe,’
ceft par ceffeinuentis gue Iofephefe fuuna tress Nii-.
lement dans Totapara asnfs gu'ont vecueille enidemrtént
des paroles 4’ Egefippus toushant ce fait au 3.Linve dg
g guerve de Hiernfalem Et bien.qu' il né particalaricy
pat affex cefte altion , toutesfoss par ce qw'il dit nows
nois pounans imaginer comme Je tous f¢ paffa.(ar ain-
figuilvaconte,sly ent 40.Soldats quifé fanuerent anec
Tofephe dans le lac fi bien qu'a conter ledst Tofephe ils
cftosent en tous 41, Partant  fuppofons gw'sl ordonna
glie contant. de trots en trote,on tueroit toufionys le troi-
[iefinesil oft certain gue procedat de la forse,tn tronntras’
en fin par lavegle donnee en la demonftration,qis3l fant
que Tofephe fé mit le trense~wniefine apres celuy,pay le-
quel an commengoit aconter , an cas qn'sl vifaft & de-
meurer en vie Iy tout feul. Mais s'sl voulut fanner vn
de fBs compagnons,il le mit en fa féxiefine place,es 5'il
en voulut fanner encor vn antre y $hle it ent latyente
cinguiefine pfar:e. "

The text reads:

As I alluded in the preface to this work, it was this invention that so subtly
spared Josephus in Jotapata, as we gather from Hegesippus’s testimony in
the tome 3 of the War of Jerusalem. And though he does not go into
enough detail, from what he says we can nevertheless imagine what
occurred. It is thus that he recounts how 40 soldiers escaped to the lake
with Josephus, and that with the said Josephus there were 41 men in all.
Thus, let us suppose that he ordered that every third man counted would
be killed: it is certain that in doing so, you will find, in the end, by the rule
given in the presentation, that Josephus had to stand in thirty-first place
after the first man counted if he intended to be the only man to remain
alive. But if he wished to save one of his companions, he had to put him in
sixteenth place, & and if he wished to save another, he had to put him in
thirty-fifth place.
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This passage suggests that it was Bachet’s choice to count in threes (he
states in the previously cited preface that the nth value is not given by
Hegesippus). While this value is not specified in the War of Jerusalem, according
to Bachet this work contained Josephus’s elimination protocol, albeit with few
details, but sufficient to confirm that Josephus did not simply place himself at the
mercy of divine Providence.

As a side note, and contrary to what is sometimes argued, it should be
pointed out that as far as we can make out, Bachet did not mistake the number
of men (there were indeed 41) nor the solution to the problem (16 and 31).
These values are equally correct in the first edition of 1612.

Bachet’s work was republished much later on, in 1874 (third edition),
annotated and commented on by A. Labosne. A later edition (the fifth), published
in 1884, is available on the website of the Conservatoire numérique des Arts et
Métiers.!?

In this fifth edition, a note from Labosne, added to the preface, warns
readers against an erroneous interpretation of the work of Josephus, whose fate
had been subject to chance and Providence. However, like Lucas, Bachet

> it seems only natural to seek this

concentrates on Hegesippus’s version:!
particular version of the text, which as far as we can tell has no reason to be less

accurate than any other.

III — HEGESIPPUS
Gallica has published several versions of The Hegesippus, including a
handsome manuscript edition'* from the 13th century. The passage is located on

the reverse side of leaf 77:

12. Page on CNUM.

13. This point is not developed here, but adds to the general confusion: the War of Jerusalem (De excidio urbis
Hierosolymitana), written around 370, was not written by Hegesippus, who lived in the 2nd century, but
probably by Saint-Ambroise de Milan (this thesis is not unanimously supported and some identify the pseudo-
Hegesippus as a certain Isaac).

14. Page on Gallica.
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A French translation by I. Millet of Sainct-Amour is available on Google

- LIVRE .
{clon Jes fain&esloix,qui riousant efté laflées parnoz pe-
res?Soyex certains que [a liberté nousen cft munnnaaz:l:
beaucoup plus grande,, veu que noz Ginces ordonnan-
cespous defendent cefte maniere de mort. :

Cornme les Tuifs yeftans auec Tofephe sentretucrents
& luy mefme,auccl'vn des fiens, vint es mains de
Vefpafian. ’

my Elles & femblables raifons alleguoit To-
2 {cphe a ceux,lefquels S'efloiens retirez en
% lacifteme avecluy, pour leur ofter dela
fantafie cefte folle volonte de mourir.
) Mais iccux ayis vne fois pour routes de-
N €5 libere detrouuer find leurvie,ne luy
uans refifter par paroles, fe rengetent tousa lentour de
uy,chacun d'eux tenant I'efpée toute nue, & le menagane
encas quil nesy voulfift accorder,de le faire teefpaffer fur
le chip,8&fans plus longuemét attendre. Toutefois par ce-
lail nefurbeaucoup eftonné,ains les deftourna deleurte-
menaite entteprinfe par lauthorité de capitaine qu'il cftoic,
accompagné de magnanimité de courage, laquelleluy e-
foit familicre 4 toutes heures:l'autre,par v affeuré &lguca
teregard:de celtuy il recenoit 1a dextre:il refroidiffoit 'arda
te colere de lautre, 'adouciffant paradmonitios falutaires:
tellemét qu'en diuer(es manieres mitiguoit la defceigléc fu
reur de tous fes copagnés:lelquels,néobitit que par defor-
tunc il futtdbé en fore bas eftar,malgeé b gréle fortmal-
heureux luy portoiétencorestelle reueréee,que big il meri-
toit. A caule de quoy petitd fn:'f.it ils oftoit leurs mains de
fuss luy,cemeteds les efpées en leurs fourreaus, cobien qu'ils
nefe

Books:1®

The text reads:

D'EGESIPPE

o e 117
fic (e pounoiét diuerti e leur mauuaife volonté.Quoy co
gnociﬂ'ant,& queluy feul eftoitafsiegé de tant dhommes,

ortune lavifa de diminuer le nombre,leur tenanttel pro-
pos Compagnons, icferois d'opinion,fi vousen eftesd'ac
cord,que lefor, foitiuge de l'ordre quenous deuons tenir
4 trouver la fin de noz vies, veu qu'il tombera fiss chacun
de nous cgalement,& quiil n'y aura ame quis'en puiffe ex-
emptet.Et voila cdme nous ferds,celuy,d qui premieremét
le fort viendra fera tué par fon fuyuant , & ainfi des autres.
confecutivement,de forte que le mefme fort feul condem-
neravn chacun de nous d [amort, non pas noftre
volonté.Parquoy il fautqu'vn chacun denous ohciﬂen:gq'::
reft donné par la chance, commedceluy de noftreiuge;
nous garantiffant doffencer nous mefme de noz mains,
enfemblement de tomber au pouuoir de l'ennemi , pour
eftre captifs, nul de]a compagpie pouuant auancer le el
pas defon compagnon,ny euiter e fien,eltan par ce moy-
en retranchée la puifance d'cuiter les cuenemens,que leha
zard ou Dieu nous aportera.Cefte offre leur fut tant agrea-
ble quils nefedouterent aucunement de rufe, quelle quel
lefur aingoys y donnerentprompe confentement d'vne
voix:tellement quefans contradition ils sentretuoient les
vnslesauttes, comme lefort leur tomboit {us, le fuyuant
mettant 4 mort celuy quile precedoit.De forte que tous oc
cis Jofephe demeura {eul auecfon cipagnon,eftant necef-
faire qu'il mourut,comme lesautres , ouque dumoins il
fuat contaminé du fang de {on prochain,quil efpancheroit.
A quoy voulant abuicr, luy confeille quitter & renoncer
aufort,comme il fit,dont il evita le combat,& fortirent en-
femblement ducreux dela cifterne,pour eftre acconduis i
Vefpafian par Nicanot . Adonq vous cufsicz peu voir de
R

LIVRE IIL

tousles quarticrsdu camp les Romains accourir, defirans
voirlepauure Iofephe mis en fi piteux eftac & termes,eftit
nagueres moté en fihauthonneur, capitaine general d'vne
fibellearmée,8¢ pais detelle eftendue:Les autres y venoi-
ent pour fc mocquerde luy &de fa prifon: & les- plus
fages S'efmerucilloiét de lincdltice & foudaine mutation
des affaires humaines. Aucuns , eltans encores mieux aui-
fez Jamentoigten leur caeur la calamité,en laquelleils voy
oienttombé cegrand perfonnage,confiderans que come
luyils pourroient viviour eftre miferables & defnuez defa
ueurentre lefquels eftoit le icune prince Titus, qui felon
fon acouftumée douceur 8 manfuetude eftoit fort marri,
voyant celuy,qui autrefois & non longtemps par auant
auoit cfté i braue capitaine,cftre tombéen la mercy defes
auerfaires;attendat Ja fentence quiils bailleroiét contee luy,
nayantaucun cfpoir ny affeurance defonfalut .Si grand

ouuoir ont petites occafids aux affaires belliques,que pout
ﬁicn peudecas,&cn peudheure, les plus grans feigneurs
font rengez aucc les plus petis foldats, les afligez & decd
dition bafle cleucz d grandesrichefles & honneurs.A raif
de quoy,les princi cftoié ceux qui confeillojent quiil
fut traiGé le plus doucement, mefimes entee les autres Ti-
tus fut intercefleus de luy fauuer Ja vie,Vefpafian le faifant
mettre en prifonauec{cure garde,de peur que gaignant au
piediltrouuafimoyen de fefanuer. .

Lasiuée de Vefpaian i Ptolemais & Cefarée: puis
mmmﬂmuoyapxﬁ:dcfugmpﬂu hy-
ucren lieu commode. -

Chapitre * 15 _
T Quel-

Companions, if you are in agreement, I am of the opinion that fate should
be the judge of the order we must uphold as we meet our deaths [...] the
man first chosen by fate will be killed by the next man chosen, and so on
in succession [...] This suggestion was all the more appealing to the men
for none suspected any ruse whatsoever, and with a single voice they

15. Page on Google Books.
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promptly assented: without opposition the men killed one another as fate

befell them, the following man executing the former. Thus it came to pass

that when all were slain Josephus alone remained with his companion, and

so it was that he should die, like the others, or at least taint his hands

with the pouring blood of his kin.

Once again, we lose the scent. While the text is ambiguous (the word fate
and ruse are both used), there is no mention of the soldiers being arranged in
any particular way, nor of Josephus choosing his fine position. However, the word
ruse makes an appearance, which is not the case in the non-Hegesippus versions
of The Jewish War. The two important passages, referring to the system of
drawing lots and the fact that the soldiers do not suspect any ruse, are also
present in a Latin manuscript version mentioned above (although the

hypothetical ruse is not mentioned in such explicit terms):

Sortis istiusmodi condicio sit ut his That the condition of this drawing of

qui sorte exierit ab eo qui sequitur lots is that he on whom the lot falls

interimatur. will be killed by the next such man.

Fidem fecit oblatio et universorum The suggestion inspired confidence

adsensus sorti adquievit. and all agreed to accept the drawing
of lots.

Could it be that Bachet came up with the problem, inspired by the simple
evocation of a possible ruse in the Hegesippus’s translation? The first edition of
Probleme plaisants et délectables was published in 1612. There are stylistic
differences in the passage in the preface, but the content is identical. And the
problem (the 20th in the edition of 1612) is identical. For the time being, then,
the earliest trace of Flavius Josephus the number cruncher is found in Bachet in
1612.

IV — TREATY OF MATHEMATICAL GAMES
Wilhelm Ahren’s treaty on the history of mathematical games, published in
German at the turn of the last century, and as far as we know never translated,

fleshes out the story. Chapter 15 explores The Josephus Game. The first edition
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of Mathematische Unterhaltungen und Spiele (Mathematical Games and Puzzles),

published in 1901, is available online:*®

288 Kapitel XV.

zu retten. Man einigt sich dahin, dafs alle Personen sich in
einer Reihe aufstellen und nun abgezihlt wird, wobei jeder
neunte immer ins Meer geworfen wird, bis nur noch 15 bleiben.
Es ist die Frage: Wie muls die Aufstellung erfolgen, damit
gerade die 15 Tiirken die Opfer des Meeres werden?

Dieselbe Aufgabe hatte schon vorher Cardan behandelt?)
und sie mit Riicksicht auf die oben erzihlte Geschichte ,Josephs-
spiel (ludus Joseph)® genannt.

Der Abziihlungsmodus ist natiirlich so zu verstehen, dalfs,
wenn man bei der Zihlung die Reihe durchlaufen hat, an
dem anderen Ende die Zihlung fortgesetzt wird und dafls jeder
einmal Ausgeschiedene bei den weiteren Zihlungen nicht mehr
mitzihlt. Durch einfaches Probieren lifst sich die Aufgabe
fir jeden bestimmten Fall natiirlich leicht lésen, so erhalten
wir fiir das oben angegebene Problem der 15 Christen und
15 Tirken, wenn wir einen Tiirken durch einen vertikalen
Strich, einen Christen durch ein Kreuz bezeichnen, folgende
Anordnung, damit durch eine am linken Ende beginnende Ab-
zihlung gerade die 15 Tiirken der Reihe nach als die neunten
getroffen werden:

A SRS AR IR SR IRERIERY
d. h. die Reihenfolge muls von links nach rechts sein: 4 Christen
5 Tirken, 2 Chr, 1 T, 3 Chr, 1 T, 1 Chr, 2 T, 2 Chr, 3 T,
1Chr,2T, 2 Chr, 1 T.

Als mnemotechnisches Hilfsmittel giebt Bachet dieser Li-
sung den Vers bei?):

Mort, tu ne falliras pas
En me livrant le trépas!

Die Vokale desselben, der Reihe nach aufgeschrieben und
eiou

bezw. durch die in dem Schema ; 2 y 4 5 Qarunterstehenden

1) Practica Arithmeticae generalis 1530, IX, 117—128. Nach Cantor,
Gesch. der Mathem. IT, p. 332 findet sich unser Spiel zuerst in dem erst
1880 gedruckten und bis dahin handschriftlich verbreiteten Werke von
Chuquet, Le Triparty en la science des nombres, Lyon 1484, Aufg. 146,

2) a. a. O. p. 119 (p. 175 der 2ten Aufl.).

Ahrens notes in the second paragraph:

The same problem had already been dealt with by Cardano, who had
christened it "The Josephus Game” (Ludus Joseph), in reference to the tale
recounted above.

The footnote provides clarification:

According to Cantor, our game is mentioned in the works of Nicolas
Chuguet, which were first printed at the beginning of the 1880s and until
then circulated in manuscript form.

16. Page on OpenLibrary.
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V — CHUQUET, CARDANO AND TARTAGLIA

Among the sources cited by Ahrens, the oldest is Nicolas Chuquet. Chuquet
wrote his manuscript in 1484, and a copy is conserved at the French Bibliothéque
Nationale. The story of this text is an interesting one: it was used by Estienne de
La Roche in the 16™ century to compose his own treaty, Larismetique, published
in 1520 (some say that Estienne de La Roche shamefully copied passages from
Chuquet’'s manuscript without citing his source). Chuquet’s work was then
“forgotten” for over 300 years until being rediscovered by Aristide Marre, who
reprinted it in 1880 and 1881 in the Bullettino di bibliografia e di storia delle
scienze matematiche e fisiche.'®

The passage we are interested in is found in the Problemes numériques
faisant suite et servant d’application au Triparty en la Science des nombres de
Nicolas Chuquet and forms Problem 146 (page 453). This is the very same
problem recounted by Bachet, although the protagonists’ religions are not the
same. The problem involves counting in nines and selecting 15 preselected
people from a group of 30. Figure 4 is a reproduction of the illustration that
accompanies Problem 146 in Chuquet’'s manuscript (the illustration was not

reproduced in the 1881 publication).

4
Do fl’.é&lm\)?tﬂsm m.{ h"tl
Régind téncbil

Figure 4: Reproduction of the drawing illustrating Chuquet’s Problem 146. The
circles indicate the position of those who will be saved, and the crossed-out circles that of
those who will perish. The illustration reproduced the Latin mnemonic used by Chuquet to

17. Larismetique can be consulted on Google Books.
18. The 1880 and 1881 publications are available online (here and here).
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remember how the 30 individuals should be arranged (Lucas used an almost identical
phrase at the end of the 19th century): Populeam virgam matre regina tenebat.®

Chuquet, however, does not mention Josephus or any similar problem. It is
the 15-15 problem that interests him.

Another source cited by Ahrens is a work by Cardano, Practica Arithmeticae,
published in 1536. Between the first edition of the Mathematische
Unterhaltungen und Spiele in 1901, and the last, in 1918, Ahrens refines his
position by stating that:

The game of Josephus - "Ludus Joseph” as it is called - was first

mentioned in Cardano’s Practica Arithmeticae.

Cardano’s text can be found in the edition of 1536%° or in a later edition (the
Opera Omnia Opera Omnia®'). The same text appears in both, and the extract
that interests us is found in the middle of paragraph 18 at the end of Chapter
LXI, De extraordinariis & Ludis.

19. “The queen mother held a poplar branch.”
20. Page on Google Books.
21. Page Universita degli Studi di Milano.
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De Datis.

fori 5 & minotf @qualiter , auget magis
fupra maiorem quam fapra minorem , &
jta remotis fraudibus , & {cienda ®quali
exiltente , impoffibile quali effer pauperem
non vincere , verum pauperes aliquando
impedit timor , aut letitia , divides autem
nen cum tanto affeétu fudunt , & ideo fe-
curnus,&e.

Erex his dicamus deludis aliquid 8 {unt
memoratiui, veluti quando quis vult intel-
Ligere numerum excogitatum , facit vr adii-
ciat imedietatem quod fi non potelt facit ve
compleas , deinde facit iterum adiicere me-
dietatem , & {inon poteft facit ve l:omplcas,
deinde proiicit. 9.& quetiens proiicis rotiens
4. inuenitur in numere excogitato, & cau-
fa elt quia proportio 9. ad 4. eft compofica
ex duabus {exquialteris, poteft igitr acci-
dere quadrupliciter & dabo tibi exemplum
in 4. modis , engitet ptimo 17. adde dimi-
dium fit 25 =, & quia eft fradtio comple
fit 26. adde fir 39, proiice 9. quater igi-
tur due 4. in 4, fit 16. & quia fraflio fuic
primo loco igitur habuic 17. addendo vni-
tatem ad 16.cogitet fecundo etiam 1 8.adde
dimidium fe 27, dimidium fit 40. + com-
ple fractionem fit 41. proiice 9. quater duc
4 it 4. fit 16, & quia fractio fuit fecundo
loco adde 2. fit igiar 18. & ita cogitauic
cugiwer tertio etiam 19. adde dimidium fic
28 + & quia habet fradionem comple fir
29. adde dimidium fit 43 + comple fiv 44.
proiice 9. fir hoc quater duc 4. in 4. fic 16.
& quia fractio fuit primo & fecando loco
adde 3. fiec numerus cogiratus 19- cogitet
quarto 10.adde dimidium fit 30, adde dimi-
dium fic 45. dinide per 9. exit 5. duc in 4.
fit 20, 8 quia nulla fuic fradtio , ided di-
ces quod cogitauit 20.8& hoc elt generale.
Et timiliter cognolcunt annulum vbi fue-
11t ablconfus inter plurimos homines. £i in
yua manu , digito, & articulo. Et fimiliter
inter tres res quis habea ditingunt , cum
18. tabulis , auc lapillis. Et fimiliter cog-
nolcunt cartam numera-cogitatam per tei-
nam dinificnem in quatuor , & fimiliter po-
niii quotquot voluerine tabulas in cireuitur
& excipiunt albas dimittentes nigras , fit
aawn in 1 §. tabulis albis & totidem nigris
fed poteft fieri in quoliber numero , & di-
cirur ludus lofeph , qui cum hoc {ociis ve
dicunt per fortem ve illi putabant mortem
imunxitiple quia inopid premebantur cum
focio tantum {eruatus eft, & difponunt qua-
quut lapilios in circuita & per duas contra-
iias numeratienes facinc exire cogitatum
exitlis ; & hic inter cateros non intelligen-
tibus eft mirabilis, licet fit res implex , &
fiune ludi mentales & {unt vt vnus habet
t. 3. 6. poteltate : alius. 2. 4. §. & vadine
ad too.aut vnus 1. 3. 5. 8. 9. alius 2. 4.
6. 7. 10. & vadunt ad 100. qui perfecerit
vincit , & funt magne inuentionis , & cgo
inueni zquitando & (ine aliquo auxilio cum
focio pates ludere & metmoriam exercers,
& adlunt loca fallaciarum , & triumphi, &
vacua in vnoquaque,vt gon minor fitludo
{chacorum mentali quantum igitur longam
& inutile effer infinicas numerorum diffe-
rentizs in ludis referre ob hzc pertranfimus *

Tom. 17

ita tamen vt {cias horum duorum vltimorum
eam qui fir per 1. 3. 6, minorem alium qui
fit per. 1. 3. 4. 8. 9. maiorem appellasi , fir
etid dando.6.2. 1. virique lufori imaginan-
do fritillum & huiss wemeriz & ingeni)
non eft fiuis , ita vt etiam cum ipfo fritillo,
nou parum it eptime luifle , fie etiam
ludus tranficus , fic & intercipiens |, fic &
ludus preportionalitatum difpofirus in fine
Arithmeticz Fratiis lordani, fed de his {3-
tis.

Pertinet & ad extraardinarias quaftiones
adiicese qualdam interrogationes ve panis
in valore frumenti [olidorum 100. fit vacia-
rum 9. quando valet folidos 1 4c. quot deber
fieri vnciarum , duc 100. in 9. fit goo. di-
uide per 1 4. fic vaciatum ¢ 3-: & ideo eft
ac i diceres i 140. fic 100, quid fier 9. &
patet quod eft conuerfa in operatione ad
alias eftramen in fimilibusregula generalis.

LXIL
De Datis.

D Ata dicuntur cognita cain ignota ex
notis cognolcuntur , veluri cognolco

quidem 10. & quid Gt medietas , igicur
cognolco etiam quid fic medietas. io, quz
elt 5.

Cognofcere qua dupliciter dicitur & ome 1

nibus his modis diciturdatum primo modo
perfedte & nominatim , & hoc modo cog-
nofcimus 7. & omnem numernm integram,
vel fradtum , aut perfedté non ramen no-
minaliter veluti cum cognofco ge. 7. aue
omnem quantitatem irrationalem , tertio
modo cum cognolcimus fecundum propin-
quum veluti cum {cio cordas arcuum vel mo-
ws ceeleltes ; nam non feiuntur precise ni-
i admedum paver & hoc modo dicimuos
quod hoc cognitum infenfibilicer differt ab
incognito quod eft vera quantitas , & hoc
veuncur Allronomi,& pracipué Prolotaus,
quarto dicimus datl inter duas quantitates
notas veluti cidicimus quod propartio circii-
fecentiz ad diametrum <fbminor quim 2.
ad 7.8& maiortripla ¥ 3, & hoc eft dicere
quod - eflt maior quam 223. ad 71. & hic
modus eft quo vtitur Polomzus ad conlti-
tuendam cordam vajus gradus , per cordam
gradus & dimidi), & per cordam arcus trium
partinm ex quatuor vnius gradus , & hoc
veitar Toannes Monte Regius contra Nico-
laumdeCafa , &de hisdatis prafertur qui-
dam liber Euclidi afcriprus. :
His vifis in quolibet quatuor modorum ,,
cognofcimus aut differentiam , aut quanti-
tatem , aut proportionem , & tunc vel dif-
ferentia cognolcitur ex duabusquanuratibus
cognitis , aut ex duabus proportionibus
cognitis ; aut ex quantitate & proportione
cognitis , & (imiliter aut quantitas cognol~
citur ex quantitate & differentia , aut quan-
titate & proportione » aut £x proportione
& differentia , & Gmiliter aut cugnarcimus
proportionem eft duabus quantiratibus , aut
ex quancitate- & differentia ,. 8¢ ira funt 8.
medi, & fic cognito , etiamin trigonis &
3 quantitatibus
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What follows is a short passage in French about the decimation games:

[...] in the same way, we place as many tablets as we like in a circle,

selecting the white ones and putting the black ones to one side; let us say

that there are 15 white boards and as many black ones, but the statement

holds for any number; we know Josephus’s game, in which Josephus

inflicted death on his companions in such a way that the latter believed
they were at the mercy of fate, while he, catching his peers unawares,

was spared along with one of his companions;, we arrange as many little

stones as we like in a circle and once two have been counted we remove

the third; this game seems admirable to those without judgment, although

it is simple...

Here Cardano succinctly sums up the statements of the two problems: the
15-15 version with black and white boards, and the Josephus game. The rules he
gives are surprisingly incomplete: while he mentions the fact that it involves
counting in threes*?, he does not specify the number of people (which is
nonetheless the only piece of information stated in The Jewish War), and
therefore does not give the solution to the problem either.

We have already seen that the 15-15 version of the decimation problem is
older than Cardano’s work, since Chuquet mentions it. While it is impossible to
prove, it seems possible that the version of the problem associated with
Josephus was probably also in circulation before Cardano wrote it down. If the
reverse were true, he would have probably quoted at great length from
Josephus’s work and would no doubt have gone into more detail (number of
people, solution, etc.).

@@e@e@E@E@@

Before concluding this survey of the Josephus problem throughout the ages,
mention should be made of Niccold Tartaglia’s work General trattato di numeri,
et misure, published between 1556 and 1560, which includes the problem in its
15-15 variant. It is more or less certain that Tartaglia was aware of Cardano’s
work when he was writing, because he had anxiously consulted the latter to see
if the publication contained the method for resolving third-degree polynomial
equations, which he had communicated to Cardano but did not wish to see
published.*

22. Cardono’s work thus contains the earliest mention of counting in threes that we have found.

23. It would published, however, in Cardano’s Ars Magna (1545), after Cardano claimed that Tartaglia was not
the first inventor of the resolution method for these equations but had been preceded, again according to
Cardano, by Scipione Dal Ferro.
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Tartaglia’s text has been digitised and put online by the University of
Strasbourg:®* the decimation problem is referred to in paragraph 203. Here is a
translation of the opening of the paragraph:

If someone would indulge me by arranging 30 pawns - 15 white ones and
15 black ones - on a draughts board, in such a way that by counting from
the first to the last, you will remove the blacks one by one without
touching any of the whites. It is as if there were an overloaded boat
containing 15 Christians and 15 Turks, and necessary to throw half the
passengers overboard, and one had to know how to seat and order them
so that by counting one could throw all the Turks overboard and save all
the Christians: the guestion is how to do so.

I say that if you wish to know how, you must bear in mind all the syllables
of the verse below and arrange as many black or white pawns (or seat as
many Christians) as indicated by the aforementioned syllables.
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Tartaglia then states the vowel/number equivalence we have already
mentioned, and ends with a comprehensive list of mnemonics to recall how to
arrange the 30 people depending on whether one counts in threes, fours, etc.

Although he does not deal with the Josephus game, Tartaglia seems to have
treated the problem in more depth than Cardano, or at least more

24. Page University of Strasbourg.
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systematically, and makes his contribution by suggesting new mnemonics for the

variants of the game.

VI — CONCLUSION

Any conclusion is unsatisfying given the number of variants of the historical
Josephus text and books of arithmetical puzzles that have covered the problem.
Each discovery almost systemically leads to new avenues to explore.

However, without saying anything original, we can at the very least confirm,
drawing on the texts, that neither the “classical” versions translated from the
Greek nor the pseudo-Hegesippus version of The Jewish War contain proof that
Josephus was a lover of arithmetical problems.

The case of the Slavic version is less straightforward. It seems likely,
however, that the Slavic then French translators were influenced by their existing
knowledge of the decimation problem and integrated it into their story.

As for the paternity of the Josephus problem, notwithstanding the fact that
it is mentioned by Cardano in his Practica Arithmeticae, the bulk of the work, as
we have seen, is attributable to Bachet and his Problémes plaisants et
délectables published in 1612.

Cardano’s testimony leaves the impression that, unlike other problems for
which the author can claim paternity, the Josephus problem emerged from a
complex web of decimation problems (such as the 15-15 version with Turks and
Christians) well before it was published. Cardano was thus probably reporting a
problem that was already well known. If the opposite were true, he would almost
certainly have given more details. The paternity of the Josephus problem, from
this point of view, probably does not lie with either Bachet or Cardano.

As for decimation problems in general, and in particular the 15-15 problem
(division into two groups) that has cropped up several times, their origins are
much older than the one we have indicated here (Chuquet, 1484), for this type

of problem appeared in texts as early as the 12th century.

(September 2012)
(translated in English by Helen Tomlinson, published June 2014)
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Annexe: IT solution

It would be unthinkable to conclude this article without proposing a modern
solution to the Josephus problem. The following Python function indicates the
safe position in a scenario with n people and counting in ps. The third, optional
parameter indicates the number of people to be saved. The answer gives the list
of positions of the people in the circle.

def josephus (n,p,m=1) :

c=list (range(n))

pos=0

while len(c)>m :
pos= (pos+p-1)%len(c)
del c[pos]

if len(c)==1 : return c[0]+1

return tuple(v+1 for v in c)

We can thus check that place 31 is the one Josephus should occupy:

>>> josephus (41,3)
31

It is immediately clear that if you find yourself in a Roman legion of 6,000

men facing the same fate as Josephus’s companions:

>>> josephus(6000,3,2)
(3949, 5864)

you and your best friend must choose the places 3949 and 5864.
@@@@@@@

The solution to the problem of the Turks and Christians is obtained by
asking for the list of the 15 survivors out of a total of 30 people and a decimation

counted in nines:

>>> josephus(30,9,15)
(1,2, 3, 4,10, 11, 13, 14, 15, 17, 20, 21, 25, 28, 29)

Adding the following function will reproduce the arrangement specified by
Bachet:

def placement(seq,n) :
s=[[1 in seq,1]]
foriin range(2,n+1) :
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if sS[-1][0]==(i in seq) : s[-1][1]+=1
else : s.append([i in seq,1])
return tuple((['T’,'C][i],j) fori,j in s)

We therefore obtain:

>>> arrangement(josephus(30,9,15),30)
(('c, 4), (T, 5), (°C’, 2), (T, 1), (°C, 3), (T", 1), ('C’, 1),
(T, 2), ('C, 2), (T, 3), ('C", 1), ('T", 2), (°C', 2), ('T", 1))

The order is familiar: 4 Christians, 5 Turks, 2 Christians, and so on.

@ee@@E@@

Lastly, it is possible to resolve the cat problem posed by Dudeney:

>>>n=13

>>> josephus(n,n)

8

>>> n+1-josephus(n,n)
6

The eighth mouse will be the last to be eaten. In order to save the white
mouse for last, the cat must start counting from the mouse located six places

after the white mouse.
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